Progress in quantum nanoscience has engendered a physically diverse array of controllable solid-state quantum systems [4] [5] [6] . The prototypical quantum system consists of two wavefunctions that can be coherently combined into superpositions. In this work, we create and study superpositions of electron wavefunctions in nanoassembled quantum corrals where we can finely tune the geometry. We engineered an elliptical resonator to harbour degenerate wavefunctions whose superpositions could be manipulated. The solutions to the Schrödinger equation in a hard-walled ellipse possess two quantum numbers: n, the number of nodes crossing the minor axis, and l, half the number of nodal intersections along the perimeter (these map to the radial and angular momentum quantum numbers in a circle We assembled our designed resonator using a home-built scanning tunnelling microscope (STM) operating in ultrahigh vacuum. The single-crystal Cu(111) substrate was prepared, cooled to ~4 K, and dosed with ~15 Co atoms per (100 Å) 2 . We individually manipulated 2 44 Co adatoms to bound the corral. With spectroscopy, we verified that modes 41 and 42 occurred within a few mV of one another (Supp. Fig.   1 ). A constant-current ( I ) topograph of the finished structure is shown in Fig 1c. To confirm that the wavefunctions ψ closely describe this system, we used them to calculate (see Methods) a theoretical topograph ( Fig. 1d ) that reproduces the data -4/13 -without any fitting parameters. Figure 1e displays the calculated contributions j c of the significant modes composing the topograph ( ) z r , such that
Progress in quantum nanoscience has engendered a physically diverse array of controllable solid-state quantum systems [4] [5] [6] . The prototypical quantum system consists of two wavefunctions that can be coherently combined into superpositions. In this work, we create and study superpositions of electron wavefunctions in nanoassembled quantum corrals where we can finely tune the geometry. These structures permit unique investigations of nanoscale electrons and their correlations, including information propagation 7 , lifetime effects 8 , Kondo interactions 9 , and spin-orbit coupling 10 . We use quantum corrals to take the traditional technique of gating, or the application of electrostatic potentials, to its smallest possible scale. Here, a single adatom couples only to a minute fraction of an electron's spatial extent. Rather than changing applied voltages, we make only geometric changes to the gate position, enabling adiabatic -3/13 -control of a two-state quantum system. Geometric and adiabatic manipulation of wavefunctions is a robust alternative to dynamic manipulation for various quantum technologies 11, 12 .
We engineered an elliptical resonator to harbour degenerate wavefunctions whose superpositions could be manipulated. The solutions to the Schrödinger equation in a hard-walled ellipse possess two quantum numbers: n, the number of nodes crossing the minor axis, and l, half the number of nodal intersections along the perimeter (these map to the radial and angular momentum quantum numbers in a circle (Fig. 2, second column) . We began by placing the gate atom at one of the maxima of the calculated 2, 7 state. The resultant difference map ( Fig. 2e ) strongly resembles the 2, 7 state. Surprisingly, however, when the Co atom was moved rightward to one of the strong maxima of the state 4, 4 , the image produced ( Fig. 2g ) was manifestly different from either of the two eigenstates.
We will show that our / dI dV Δ maps are images of superpositions: phase- Electrons in quantum corrals are well modelled by particle-in-a-box solutions to the Schrödinger equation because the surface state wavelength [30 Å in Cu(111) 
is much larger than the spacing between the wall atoms 1, 3, 10, [15] [16] [17] [18] . As a first clue to the underlying physics, the original report of the quantum mirage 3 pointed out the similarity between the solitary eigenfunction closest to E F and the spatial fine structure around the -5/13 -projected Kondo image. A complementary approach 10, [19] [20] [21] [22] [23] [24] treats the wall atoms as discrete scatterers of electron waves and solves the quantum multiple-scattering problem. In fact, the scattering theory was also applied 20 to produce very compelling computed matches to the mirage data and extract the Kondo phase shift. In this prior experimental and theoretical work, the structures studied had modes separated in energy by more than their linewidths-i.e. the state manifold was essentially non-degenerate.
Here we focus on the engineered degenerate case where two or more states are forced to coherently superpose by the added gate atom.
While the exact origin of the Kondo resonance in our system is still debated 25, 26 , microscopic calculations have indicated that the many-body complexity is manifested in the energy dependence of the density of states while its spatial dependence can be understood from a single-particle perspective 16, 18 . Regardless of its origin, we have verified that Kondo scattering calculations 21 can reproduce many of the details of our images. However, the simplest and most intuitive model that reproduces the data requires only two electron wavefunctions and their elementary superpositions. Indeed, the success of our analysis is perhaps surprising in light of the well-known softness of the corral walls 19 . Without negating more complex approaches, this work vindicates the simple eigenmode picture of quantum corrals, which is relevant and useful to a variety of emerging applications.
For each superposition in Fig. 2 , we selected the coefficients j a to create (Fig. 3a) comprise an overall 3-dimensional space; the crossover between planes in this space can be inferred from the structure of the wavefunctions (Fig. 3b-d ).
To generate arbitrary superpositions, we require a way to predict the mirageprojecting wavefunction for any atom position R. We accurately reproduced our data using degenerate perturbation theory, representing the gate atom with a delta function potential: ( ) V αδ = − r R . These perturbation theory results are implicit in microscopic Green's function results 16, 18 in our engineered limit that the separation between relevant corral wavefunctions is much less than their linewidth. Physically, a single atom placed -7/13 -inside the corral causes the degenerate wavefunctions to reorganize themselves into new zeroth-order wavefunctions. One is the superposition having the greatest amplitude possible at the location of the adatom and projects the mirage; this state is "tagged" and imaged by spectral mapping. All other combinations possess a node at r = R and are therefore insensitive to the perturbation and ignored by our differential measurements.
The energy shift of the perturbed mode is proportional to α ; we detect a shift of a few meV at most, far less than the width of the states, so that this wavefunction remains We find that almost all two-dimensional subspaces of the full 7-dimensional manifold can be fully indexed by a single atom. In Fig. 4b-d we give three examples of subspaces of R that index two-dimensional Hilbert spaces. The subspaces in Figure 4b and 4c encompass the experimental points shown in Figure 3 within which a state vector can be rotated via real-space atomic gate manipulation.
Our methods have direct applicability to other lower-dimensional nanostructures.
The potential imposed on the confined states of our quantum corral by the control atom is analogous to any sufficiently local and moveable gate potential. Selective gating of quantum superpositions in systems such as semiconductor [27] [28] [29] quantum dots should be readily achievable with scanning or otherwise mobile gates. The atom-gating method we have used also has analogies in cavity perturbation techniques in microwave resonators 30, 31 . Since quantum two-state systems can in general be mapped to a pseudospin, here the real-space atom position maps to the direction of an effective magnetic field that couples to this spinor. We anticipate that atomic gating will allow detection and manipulation of other fundamental phases, including the Berry and Aharonov-Bohm phases, by using atom paths traversing properly tuned quantum manifolds.
Methods
We used particle-in-an-elliptic-box wavefunctions j ψ to calculate the local density of states at position r and energy ε,
which we numerically integrated to recreate the expected topograph height 14 ,
at the experimental sample bias of V = 8 meV.
The linewidth of the electron states has been alternately ascribed to tunnelling across the corral barrier 18, 24 or coupling to the bulk states through inelastic scattering at the walls 21 and intrinsic lifetime effects (e.g. electron-phonon interactions) 32 .
Regardless of its origin, the broadening can be accounted for by a phenomenological lifetime added to particle-in-a-box wavefunctions. We used an electron self-energy /2 20 δ = Γ = meV for all states, per the 40 meV linewidth Γ observed in / dI dV spectra for modes close to F E . Since contributions from these modes dominate the density of states relevant to our experiments, the variation of δ for modes far from F E does not affect our calculation.
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